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1 Basic Model

Let us assume the input is a set of vectors x; = {1, %41, ..., Tin } Where each x;; is a item in feature vector (For
convenience, x;; = 1). For each input vector, we have a real-valued output variable y; associated to the input. We
assume that each output variable is “generated” by the input through the following linear equations:

n
yi = f(@) =)0z )
j=0
Our problem is how to determine the value of each coefficient ;. In order to estimate those values, we usually use a

cost function which aims to minimize the residuals:
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2 Iterative Algorithms

In order to solve Equation 2, in this section, we introduce two iterative algorithms. Both algorithms are based on the

simple updating rule:
oC

, which requires the gradients as follows:
oC o
BT?J» = [yi — f(@)](—2ij)
= (f(fz) - yz)fﬂzg
Therefore, the first algorithm called batch gradient descent is shown below:

Repeat until convergence {
0; <=0; + aZ(yi — f(&i))xi; (forevery j)
i=0

}

The second algorithm is called stochastic gradient descent, shown as follows:
Loop {
fori =1tom {
0; <= 0; + a(y; — f(zi))zi; (forevery j)
}
t



3 L2 Regularization

For some problems, we would like to impose a penalty on the size of the coefficients. One popular method is to use
L2 norm penalty. L2 regularized linear regression is also called Ridge regression. We can write the cost function as

follows:
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Note, we do not shrink 6y and instead we use the following pre-process steps:
® T =Ty — T,
m
° 6‘0 <= Zi:() yl/M

In other words, we estimate all coefficients without intercept. We can also use both algorithms introduced above to
obtain the solutions. Here, we show the gradients as follows:

oC R
90 [yi — f(@D)](—m45) + AO;

= (f(@i) — yi)zij + \O;
Therefore, the basic updating rule is:

0; <= 0; + af(y; — f(z7))xi; — N0,]

4 Matrix Representation

We can re-write Equation 2 in matrix form as follows:
1 T
C = arg min 5 (y — X0)" (y — X0)

Rather than using iterative algorithms, we can indeed obtain the closed form solutions as follows:

aC

— =XT(y-X0) =

50 (y )=0
=0=X"X)"'X"y

Similarly, we can have the matrix form for Ridge regression as follows:
.. T A
C:argmeln §(y—X6‘) (y—X9)+§9 0

We also obtain the closed form solution for Ridge regression as follows:

ac
a6

XT(y —X0) + X =0
=0 =XTX+ )" X"y
S Probabilistic Interpretation

Before we derive the probabilistic interpretation of linear regression, we first look at one property of Normal Distri-
butions. If a random variable X has a normal distribution N (6, 02), a new random variable aX + b has a normal



distribution N (af + b, a202). Now, let us focus on our assumption, the response y; is a linear function of a set of
features Z:

yi = Z 0;rij + € “)
=0

This Equation is slightly different from our original Equation 1 that we have an additional term ¢; to represent the
error between our estimation and the true value. Now, let us assume that all errors has a Normal Distribution N (0, 02)
where the variance is a fixed value. Therefore, we can immediately know that y; will also follow a Normal Distribution
N (67 z,0?) by using the property we introduced at the beginning of the section:

L (yi — 9T$i)2
p(yilz:i; 0) = m exp (—T

This is only for one sample. The probability for the whole data set (likelihood) is as follows:

L<9>=iﬁ0 Ly (L)

We want to maximize this probability and the estimator obtained is usually called Maximum Likelihood Estimator
(MLE). Here, we work with log of the likelihood function:

1 11
log L(8) = mlog Voo 022 Z(% —071,;)?
i=0

Note, the first term is a constant if we treat o2 as a fixed value and therefore maximizing log L() is equivalence to
minimizing:

m

> (i — 0" w)?

i=0

which we recognize to be our basic model (Equation 2).



